Seismic response of the liquid storage tanks isolated by lead-rubber bearings is investigated for bi-directional earthquake excitation (i.e. two horizontal components). The biaxial force-deformation behaviour of the bearings is considered as bi-linear modelled by coupled non-linear differential equations. The continuous liquid mass of the tank is modelled as lumped masses known as convective mass, impulsive mass and rigid mass. The corresponding stiffness associated with these lumped masses has been worked out depending upon the properties of the tank wall and liquid mass. Since the force-deformation behaviour of the bearings is non-linear, as a result, the seismic response is obtained by the Newmark's step-by-step method. The seismic responses of two types of the isolated tanks (i.e. slender and broad) are investigated under several recorded earthquake ground to study the effects of bi-directional interaction. Further, a parametric study is also carried out to study the effects of important system parameters on the effectiveness of seismic isolation for liquid storage tanks. The various important parameters considered are: (i) the period of isolation, (ii) the damping of isolation bearings and (iii) the yield strength level of the bearings. It has been observed that the seismic response of isolated tank is found to be insensitive to interaction effect of the bearing forces. Further, there exists an optimum value of isolation damping for which the base shear in the tank attains the minimum value. Therefore, increasing the bearing damping beyond a certain value may decrease the bearing and sloshing displacements but it may increase the base shear.
Introduction
Liquid storage tanks are strategically very important structures, since they have vital uses in industries, nuclear power plants and are connected to public life. There has been a number of reports on damage to liquid storage tanks such as in the Chilean earthquake (Steinbrugge and Rodrigo, 1963) , California, Livermore earthquake (Niwa and Clough, 1982) and San Juan earthquake (Manos, 1991) . The earthquake motion excites the liquid contained in the tank. A part of the liquid moves independent of tank wall motion, which is termed as sloshing, while another part of the liquid which moves in unison with the rigid tank wall is known as impulsive mass. If the flexibility of the tank wall is considered then the part of the impulsive mass moves independently while the remaining accelerates back and forth with the tank wall known as rigid mass. The accelerating liquid, sloshing, impulsive and rigid masses, induces substantial hydrodynamic pressures on the shell wall of liquid storage tanks which in turn generates lateral pressures (i.e. base shear) and overturning moment. The overturning moment produces excessive compressive stresses at the bottom of one side of the tank. The excessive stresses induce buckling of the shell of the tank wall. The failure of liquid storage tanks is mainly due to buckling of the tank wall, failure of piping system and uplift of the anchorage system. The seismic behaviour of liquid storage tank is highly complex due to liquid-structure interaction leading to a tedious design procedure from an earthquake-resistant design point of view. Housner (1957 Housner ( , 1963 ) developed lumped mass model of ground supported liquid storage tank with two-degrees-of-freedom (i.e. associated with convective mass and impulsive mass) to investigate the seismic response. It is observed that the liquid pressure generated due to earthquake ground motion is very important for seismic design of the tanks. Rosenblueth and Newmark (1971) modified the expression suggested by Housner (1963) to estimate the convective and impulsive mass to evaluate the seismic design forces of liquid storage tanks. Epstein (1976) has suggested closed form expressions to calculate lumped masses to find seismic response of liquid storage tanks. Haroun (1983) developed design charts to estimate convective, impulsive and rigid masses, assuming the liquid contained in the tank as incompressible with irrotational flow.
The integrity of a structure can be protected from the attack of severe earthquakes either through the concept of resistance or isolation. In designing a structure by resistance, it is assumed that the earthquake forces are directly transmitted to the structure and each member of the structure is required to resist the maximum possible forces that may be induced by earthquakes, based on various ductility criteria. In the category of earthquake isolation, however, one is interested in reducing the peak response of the structure through implementation of certain isolation devices. Since the forces transmitted to the superstructure have been largely reduced, the superstructure can usually be expected to be linearly elastic, even under the excitation of severe earthquakes. The base isolation techniques have been developed and successfully implemented to buildings in the past (Kelly, 1986; Buckle and Mayes, 1990; Jangid and Datta, 1995) . However, there have been very few studies in the past to investigate the effectiveness of base isolation for aseismic design of liquid storage tanks. Chalhoub and Kelly (1988) observed that the sloshing response increases slightly but the total hydrodynamic pressures decreases substantially due to base isolation of the tanks. Kim and Lee (1995) experimentally investigated the seismic performance of liquid storage tanks isolated by laminated rubber bearings under unidirectional excitation and have shown that the isolation is effective in reducing the dynamic response. Malhotra (1997a) studied the seismic response of liquid storage tanks, under uni-directional ground motion, in which the wall of the tank was isolated from the base plate by horizontal flexible rubber bearings. The numerical results indicated that the isolation is quite effective in reducing the axial stresses of cylindrical shell. The results of base-isolated liquid storage tank indicated that the sloshing displacement is increased but decrease in axial stress in cylindrical shell is significant in avoiding the buckling of the shell (Malhotra, 1997b) . Although the above studies confirm that the seismic isolation is effective in reducing the earthquake response of the tanks, there has been no specific study to investigate the effects of important system parameters on the effectiveness of base isolation for tanks under bi-directional earthquake ground motion.
In this paper, seismic response of ground-supported liquid storage tanks isolated by the leadrubber bearings is investigated under two horizontal components of earthquake ground motion. The specific objectives of the study are summarized as (i) to present a method for dynamic analysis of liquid storage tanks isolated by the lead-rubber bearings to bi-directional earthquake motion which incorporates the interaction between the restoring forces of the bearings in two orthogonal directions, (ii) to study the effects of bi-directional interaction of restoring forces on the seismic response of liquid storage tanks. This is achieved by comparing the seismic response of the tanks to bi-directional excitation with consideration of interaction between the restoring forces to the corresponding response without interaction and (iii) to investigate the influence of important system parameters on the effectiveness of isolation systems. The important parameters included are: isolation period, damping and yield strength of the lead-rubber bearings. Fig. 1 shows the idealised structural model of liquid storage tank mounted on isolation system. The lead-rubber bearings are installed between the base and foundation of the tank for isolation. The contained continuous liquid mass is lumped as convective, impulsive and rigid masses referred as m c , m i and m r , respectively. The convective and impulsive masses are connected to the tank wall by corresponding equivalent spring having stiffness k c and k i , respectively. The damping constant of the convective and impulsive masses are c c and c i , respectively. The system has six-degrees-of-freedom under bi-directional earthquake ground motion, two-degrees-of-freedom of each lumped mass in two horizontal x-and y-directions. These degrees-of-freedom are denoted by (u cx, u cy ), (u ix , u iy ) and (u bx , u by ) which denote the absolute displacement of convective, impulsive and rigid masses in x-and y-directions, respectively. The tank model is assumed to have a deformable circular cylindrical shell. The parameters of the tanks considered are liquid height H, radius, R and average thickness of tank wall, t h . The effective masses are defined in terms of liquid mass m, from the parameters are expressed (Haroun, 1983) as
Structural model of liquid storage tank
where S= H/R is the aspect ratio (i.e. ratio the liquid height to radius of the tank) and Y c , Y i , and Y r are the mass ratios defined as
where z w is the mass density of liquid. The natural frequencies of sloshing mass, c and impulsive mass, i are given by following expressions (Haroun, 1983) 
where E and z s are the modulus of elasticity and density of tank wall, respectively; g is the acceleration due to gravity; and P is a dimensionless parameter expressed as and steel plates with a central lead core. The bearing has isotropic property, which signifies the same dynamic characteristics in all directions. The bearing is modelled such that it has bi-linear force-deformation behaviour in horizontal directions. The bearings are vertically stiff and have initial horizontal stiffness, k b and viscous damping, c b . The vertical stiffness is derived from steel plates while parallel layers of rubber bearings provide horizontal flexibility. The lead core yields relatively at very low shearing stress leading to dissipation of seismic energy and reduction of earthquake response (Robinson, 1982) . The non-linear bi-directional hysteretic restoring forces in the lead-bearing are modelled by coupled differential equations as proposed by Park et al. (1986) which in the past have been used by Nagarajaiah et al. (1991) , Jangid and Datta (1994) . The restoring forces of the bearings are given by
where F bx and F by are the bearing forces in xand y-directions, respectively; h is an index which represents the ratio of post-to pre-yielding stiffness; k b is the pre-yielding stiffness of the bearing; x b and y b are the relative bearing displacements in x-and y-directions, respectively; F y is the yield strength of bearings and the hysteretic components of displacement Z x and Z y are computed from following non-linear first order differential equations as where q is the yield displacement; x; b and y; b are the relative velocities of isolation bearings in the x-and y-directions, respectively; and i,~and A are the non-dimensional parameters which control the shape and size of force-deformation loop of the bearing. The parameters are selected such that the predicted response from the model matches with experimental results. It is to be noted that the off diagonal terms of the matrix [G] provide the coupling or interaction between the restoring forces of the lead-rubber bearings in two orthogonal directions. It will be interesting to investigate the effects of this interaction on the seismic response of base-isolated tanks. This interaction effect is ignored if the isolated tank is analyzed under two-dimensional (2-D) idealisation in two horizontal directions independently.
Force-deformation behaviour of bearings

Governing equations of motion
The equations of motion of isolated liquid storage tank subjected to earthquake ground motion are expressed in the matrix form as 
[r]= 0 0 1 0 0 0
where M= m c + m i + m r is the total effective mass of the tank. The equivalent stiffness and damping constants of the convective and impulsive masses are expressed as
where x c and x i are the damping ratios of the convective and impulsive masses, respectively.
Incremental solution of equations of motion
The governing equations motion of the isolated liquid storage tank cannot be solved using the classical modal superposition technique due to (i) the damping in the isolation system and liquid storage tank is different in nature because of material characteristics and (ii) the force-deformation behaviour of the lead-rubber bearings is nonlinear. As a result, the governing equations of motion are solved in the incremental form using Newmark's step-by-step method assuming linear variation of acceleration over small time interval, Dt. 
where DZ x and DZ y are the incremental hysteretic displacement components in x-and y-directions, respectively. The incremental acceleration and velocity vectors {Dz } and {Dz; } over the time interval, Dt are expressed as
where a 0 = 6/(Dt 2 ); a 1 = −(6/(Dt 2 )); a 2 = −3; 
The incremental restoring force vector involves the incremental hysteretic displacement components, DZ x and DZ y , which depends on the bearing velocities at time, t +Dt. As a result, an iterative procedure is required to obtain the required solution. The steps of the procedure are as follows: 
where m is the small tolerance parameter; the superscript denotes the iteration number; and Z m is the maximum value of hysteretic displacement of the bearing is expressed by
The final acceleration vector is obtained from the direct equilibrium of Eq. (14) instead of using Eq. (25) to avoid any unbalanced forces generated in the numerical integration scheme.
After obtaining the final acceleration vector, the absolute acceleration of convective and impulsive mass in both the x-and y-directions are obtained. The total base shear generated due to earthquake ground motion in x-and y-directions, respectively, is expressed as
F sy = m c ü cy + m i ü iy + m r ü by (33)
System parameters
The damping, stiffness and yield level of the bearing are designed to provide the desired value of three parameters, namely the T b , x b and F 0 expressed as
where b =2y/T b is the isolation frequency; and W= Mg is the effective weight of the liquid storage tank. The parameters, which characterize the model of liquid storage tank, are height of liquid in the tank (H), aspect ratio (S), damping ratio of the convective mass (x c ) and damping ratio of the impulsive mass (x i ). The isolator parameters for the tank with lead-rubber bearings require the specification of the parameters such as the period of isolation (T b ), damping ratio of the bearing (x b ) and yield strength level of the bearing (F 0 ). The other parameters of the lead-rubber bearing are the yield displacement (q) and parameters of hysteresis loop of the bearing such as A, i and~. However, these parameters are held constant and values taken are: q= 25 mm, A= 1, i= 0.5 and = 0.5. The damping ratios for the convective mass (x c ) and the impulsive mass (x i ) and are taken as 0.5 and 2%, respectively. For the tanks with steel wall the modulus of elasticity is taken as E =200 MPa and the mass density, z s =7900 kg m − 3 . The ratio of post-to pre-yielding stiffness is computed using following expression h = b 2 Mq/ F y .
Numerical study
The seismic response of base-isolated liquid storage tanks is investigated under two horizontal components of earthquake ground motion. The bi-directional interaction between the restoring forces of the lead-rubber bearings is duly considered. The earthquake ground motions considered are of Kobe (1995 ), Loma Prieta (1989 and Imperial Valley (1940) . The peak acceleration of different components of these ground motions is given in Table 1 . The components S90W, N90E and N90E of Kobe, Loma Prieta and Imperial Valley earthquake ground motions, respectively, are applied in x-direction. The other orthogonal components of the above mentioned ground motions are applied in the y-direction. The response quantities of interest are base shear (F sx , F sy ), displacements of convective mass (x c , y c ), impulsive mass (x i , y i ) and isolation bearings (x b , y b ). The response of base-isolated liquid storage tank is analyzed to study the influence of bi-directional interaction and system parameters on the effectiveness of seismic isolation. Two different types of tanks namely the broad and slender tanks are considered for detailed parametric study from Malhotra (1997a) . The properties of these tanks are: (i) aspect ratio (S) for slender and broad tanks is 1.85 and 0.6, respectively; (ii) the height, H, of water filled in slender and broad tanks is. 11.3 and 14.6 m, respectively; (iii) ratio of tank wall thickness to its radius (t h /R) is taken 0.004 for both the tanks and (iv) the natural frequencies of convective mass and impulsive mass for the broad and slender tank are 0.123, 3.944 Hz and 0.273, 5.963 Hz, respectively.
The time variation of various response quantities of slender and broad tanks are shown in Figs. 3-6 under Imperial Valley, 1940 earthquake ground motion. The response is shown for both non-isolated and isolated tanks with and without interaction of the bearing forces. The parameters of the isolation system considered are T b =2 s, x b = 0.1 and F y /W=0.05. It is observed from the figures that the isolation is quite effective in reducing the base shear and impulsive displacement of liquid storage tank significantly. This implies that the seismic isolation is quite effective in reducing the earthquake response of liquid storage tanks. The sloshing displacement in the isolated slender tank is marginally increased while in broad tank it is reduced slightly in comparison to corresponding non-isolated tanks. Further, it is also observed that all the seismic response quantities of slender and broad tanks with the interaction of bearings forces follow the same pattern as without interaction condition. Also, there is no significant difference in the peak response of the isolated tanks obtained by interaction and no interaction conditions. Thus, the interaction of the restoring forces of the bearing does not have significant effect on the seismic response of isolated tanks. The similar effects of bi-directional interaction on the corresponding force-deformation behaviour of the lead-rubber bearing for slender and broad tanks are depicted in Figs. 7 and 8, respectively.
The peak response quantities for the broad and slender tanks under different earthquake ground motion in x-and y-directions are shown in Tables 2 and 3, respectively. The parameters of bearings considered are: T b = 2 s, x b =0.1 and F y /W = 0.05. The percentage reduction in base shear due to isolation of the broad tank with interaction effect is 66. 28, 74.41; 67.50, 57.96 and 65.13, 66.39 under Imperial Valley, Loma Prieta and Kobe earthquake ground motions in x-and y-directions, respectively. The corresponding reduction in slender tank is 68.97, 80.04; 82.23, 67.05 and 74.07, 67.16. This indicates that reduction of base shear in slender tank is more in comparison to broad tank. This is due to the fact that the total base shear is mainly contributed from impulsive component and seismic isolation is quite effective in reducing the impulsive response of the tanks. As the slender tanks have more impulsive mass as compared with broad tanks, the seismic isolation will be more effective. Further, there is significant increase in the sloshing displacement of liquid mass due to isolation of the slender tank. The effect of bi-directional interaction on the peak response is not quite significant as observed earlier. However, the base shear and impulsive displacement are reduced marginally due to interaction of bearing forces in comparison to no interaction condition.
In Fig. 9 , variation of peak response of slender tank is plotted against the period of isolation, T b. The bearing damping is considered to be 10% and normalized yield strength as 0.05. It is observed from the figure that the increase of flexibility of isolation system reduces the peak base shear (the reduction is more in y-direction compared to x-direction). The base displacement initially decreases due to increase in flexibility of isolation system; thereafter it increases with increase of time period in x-direction (while in y-direction increase in base displacement is significant with time period due to Loma Prieta earthquake). The sloshing displacement is marginally decreased with the increase of time period in both directions. Fig. 10 shows the effect of flexibility of isolation system on the peak response of broad tank. The variation of base shear and base displacement with time period of isolation system in both the directions i.e. x-and y-directions, shows similar trends as shown in Fig. 9 . The sloshing displacements in both the directions are not significantly influenced with increase in the time Fig. 7 . Force-deformation behaviour of isolation system of the slender tank under Imperial Valley earthquake (T b =2 s, x b =0.1 and F 0 = 0.05). period (except due to Kobe earthquake). This is due to the fact that sloshing period of broad tank is 8.13 s, which is well separated from the variation of the period considered from 1.5 to 4 s. Hence, the seismic isolation system should be design such that its time period is well separated from sloshing period.
The effects of isolation damping on the peak response of liquid storage tank are shown in Figs. 11 and 12 for both slender and broad tanks, 13 respectively. The period of isolation considered is 2 s and F y /W=0.05. The physical significance of damping is to dissipate seismic energy and hence reduces bearing displacement but as a result the acceleration transmitted to structure increases, hence increase in base shear. The base shear first decreases and attains minimum value and then increases with increase of the isolation damping. This indicates that there exists optimum value of isolation damping for which base shear is minimum. The minimum value of base shear observed in x-direction for slender tank at damping ratio of 0.09, 0.15 and 0.19 for Kobe, Loma Prieta and Imperial Valley ground motions, respectively.
Similarly, damping ratio for minimum value of base shear in y-direction for the slender tank under the corresponding ground motions is 0.19, 0.33 and 0.19. The minimum value of base shear observed in x-direction for broad tank at damping ratio of 0.09, 0.21 and 0.23 for Kobe, Loma Prieta and Imperial Valley ground motions, respectively. Similarly, damping ratio for minimum value of base shear in y-direction for the broad tank for the corresponding ground motions is 0.17, 0.25 and 0.17. For slender tanks the base and sloshing displacements in x-and y-directions, respectively, decrease as damping of the isolation system increases. The variation of base displace- ment with isolation damping for the broad tank has trends similar to the slender tank as shown in Fig. 11 . The sloshing displacement for broad tank is not significantly affected by variation of isolation damping (except for Kobe earthquake in y-direction). Fig. 10 . Effect of time period on peak response of the base-isolated broad tank (x b =0.1 and F 0 =0.05). The effects of yield strength of isolation system on the peak response of slender and broad tank are shown in Figs. 13 and 14 , respectively. The figures indicate that the base shear initially decreases and then increases with the increase of the yield strength of the bearings, implying that there exists an optimum value of bearing yield strength for which the base shear is minimum. This is expected that the yielding of the bearing adds the hysteretic damping in the system and at higher damping there is a tendency for the base shear to increase, as observed in Figs. 12 and 13 . Further, Fig. 12 . Effect of damping on peak response of the base-isolated broad tank (T b =2 s and F 0 =0.05). both the bearing and sloshing displacements decrease with the increase of bearing yield strength.
Conclusions
The seismic response of base-isolated liquid storage tank is investigated under two horizontal components of real earthquake ground motions. The bi-directional interaction between the restor-ing forces of the lead-rubber bearings is duly considered. The response of base-isolated liquid storage tank is analyzed to study the influence of bi-directional interaction and system parameters on the effectiveness of seismic isolation. The following conclusions are drawn from the trends of the results of the limited parametric study: 1. Base isolation system is quite effective in reducing the seismic response of the liquid storage tanks. 2. The base isolation is found to be more effective for the slender tanks in comparison to the broad tanks. 3. The peak response of base-isolated liquid storage tank is not much influenced by the bi-directional interaction of restoring forces of the lead-rubber bearings. 4. The effectiveness of seismic isolation of the liquid storage increases with the increase of the flexibility of isolation systems. However, the bearing displacement also increases with the increase of isolator flexibility. 5. An optimum value of the isolation damping exists for which the base shear in the tank attains the minimum value. Thus, the increase of bearing damping beyond the optimum value will decrease the bearing and sloshing displacement but it will increase the base shear. 6. The bearing and sloshing displacements of the isolated liquid storage tank decreases with the increase of the yield strength of the bearing. However, the base shear may get increased for higher bearing yield strength.
